INTRODUCTION
Let G be a torsion abelian group and let K be a field such that the characteristic of K does not divide the orders of the elements of G. Let Ž . Ž . U KG be the unit group and let V KG be the group of augmentation 1 w x in the group algebra KG. Berman and Rossa 2, 3 have described the Ž . Ž . p-torsion subgroup S KG of V KG when G is a countable abelian w x p-group. Nachev 12, 13 has given a description of the torsion subgroup Ž . Ž . tV LG of V LG when G is an abelian p-group and L is a commutative ring with identity and of characteristic not equal to p such that L contains n w x the p th roots of unity, n g ‫.ގ‬ Karpilovsky 6, 2.5 Theorem, p. 126 has Ž . determined the isomorphism class of U ‫ޑ‬G , i.e., he has given a descrip-Ž . w tion of U ‫ޑ‬G when G is a finitely generated abelian group. Mollov 7, x Ž . Ž . 9᎐11 has described the torsion subgroup tV KG of V KG when G is an Ž . w x Ž . abelian p-group. He has also described V KG 8 when a G is an infinite Ž . direct sum of cyclic p-groups and K s ‫ޑ‬ and b G is an abelian p-group w x Ž . and K s ‫.ޒ‬ Chatzidakis and Pappas 4 have described U KG when the torsion abelian group G is a direct sum of countable groups.
Let G be an abelian p-group and
We give a descrip-
Ž . tion of U KG in the case when at least one of the following conditions i Ž . or ii is fulfilled:
Ž .
1 i the first Ulm factor GrG of G is a direct sum of cyclic groups and K is a field of the first kind with respect to p.
ii G is an arbitrary abelian p-group and K is a field of the second kind with respect to p.
These results extend the mentioned investigations of Berman and Rossa, Ž . Nachev, Mollov, and Chatzidakis and Pappas. The description of U KG , w x given by us, has been announced in 14 . This paper is organized as follows. In Section 1 we set up notation. In Ž . Ž . Ž . Section 2 we give a description of U KG under conditions i or ii .
NOTATION AND CONVENTIONS

Throughout this paper G denotes an abelian p-group
and K a field of characteristic not equal to p, i.e., char K / p. Let be the group of the p n th roots of unity with n ranging over ‫.ގ‬ p The field K of characteristic not equal to p is called of the first kind with Ž Ž . . respect to p if K : K is infinite; otherwise it is of the second kind p with respect to p. All direct products of groups are assumed to be restricted direct products, i.e., they are direct sums and the concept direct product will mean a restricted direct product. Let G denote the restricted direct 
w x is said to be the spectrum of the field K with respect to p 9 .
Ž .
DESCRIPTION OF U KG
Ž . In this section we shall make use of the description of U KG given by w x Chatzidakis and Pappas 4, Theorem 3.6 , when G is a torsion abelian group which is a direct product of countable groups.
Let be the group of all p n th roots of unity and let be a primitive 
Ž . prime to the elements of S, we define a cardinal number m S, n as follows:
GrG -/ and G ( Z p if and only if HrH -/ and 
By the theorem of Szele 5, Proposition 26.2 , there exists a pure < < < < subgroup C of G such that H : C and C s H , if H is infinite and < < C s / , if H is finite. Since GrH is a direct product of cyclic groups, 0 there exist subgroups G and B of the group G such that GrH s G rH 0 0 
Ž .
if p s 2 and exp GrG F 2, Ž .
if GrG G / and exp GrG ) 2.
Ž . 
Ž .
n By Theorem 2.1 we have
. If GrD is of finite exponent then we set p s exp GrD and ␣ s Ž . max ␤, . If GrD is of infinite exponent then we set ␣ s ϱ. In order to Ž . Ž . Ž . Ä 4 obtain 1 we consider the only possible cases I S s л and II S s p .
Ä 4 I Let S s л. Then n g ‫ގ‬ j 0 and taking into account the Ž . definition of the spectrum of K we get in 6 a direct factor 
Ž . Ž . holds. Property b of Theorem 2.1 shows that for 8 , i.e., for 1 formula Ž . 3 is fulfilled for .
Ž . We shall obtain preliminary formulas for and . From 7 , for p s 2 j
<Ž
.w x < we obtain s 1 q GrD 2 _ 1 , i.e.,
holds. Besides 7 in view of the formula for i easily implies
, if ps2.
Ž . Therefore if G is finite or a direct product of countable groups then 8 , Ž . Ž . Ž . < < < 1 < Ž . 3 , 9 , and 10 hold. If we replace GrD by GrG in the formulas 9 Ž . Ž . Ž . Ž . Ž . and 10 we obtain 2 , 4 , and 5 and therefore 1 . This completes the proof of the theorem in this case.
ii Let G be an infinite group which is not a direct product of countable groups. We shall prove that G 1 is infinite. If we suppose that G 1 is finite. by Lemma 2.3, G s G = G , where G : G , G 
. and exp HrH s exp GrG completes the proof of the theorem.
Remark. When the group G is infinite GrG
1 is a direct product of cyclic groups and G 1 is a finite group; we can replace the cardinalities
for all n, which implies 0 0 0 < Ž 1 . w n x < < w n x< GrG p s G p . w x Chatzidakis and Pappas 4, Theorem 3.4 have given a description of Ž . U KG in terms of the group G and the field K when G is a countable abelian p-group and K is a field of the second kind with respect to p. In the following theorem we generalize this result for an arbitrary abelian p-group. THEOREM 2.5. Let G be an abelian p-group and let K be a field of the second kind with respect to p. Then
Ž . Ž . 
